Abstract. For a polymer chain in a good solvent, we calculate the probability distribution functions between an endpoint and an interior point, and between two interior points, by using exact enumeration to study a lattice self-avoiding walk model. We find that these distribution functions are different from the usual distribution function between endpoints. At small distance scales, the probability of nearest-neighbour contacts between two interior points is smaller than the probability of contact between two endpoints. The contact probability is found to vary with N, the number of monomers between the contacts, as From this we deduce that the exponent e2 describing the short-distance spatial decay of the corresponding distribution function is 82 = 0.67 f 0.34 and O2 = 1.93 i 0.27 on the FCC and triangular lattices respectively. For large distance scales, we present evidence that the distribution functions vary as exp(-(r/N')''), where v is the correlation length exponent, and where the exponent 8, describes the large-distance spatial decay. On the square lattice we estimate that S1 = 4.5 f 0 . 4 for the endpoint-interior distribution, and S2 = 4.6* 0.6 for the interior-interior distribution (while So = 4.0 for the endpoint problem). On the simple cubic lattice, we estimate S1 = 2.6* 0.06 (while So = 2.5).
Introduction
Much of our current understanding of the configuration of linear polymer chains in a good solvent is based on the study of the probability distribution function P N ( r ) (see e.g. de Gennes 1979) . This is defined as the probability that one end of a polymer chain consisting of N monomers is located at r, given that the other end is at the origin. This function behaves as P N ( r ) = ~-~" f ( r /~" )
(1) where d is the spatial dimension, v is the correlation length exponent, and the scaling function f varies as f ( z ) -z e for z << 1, and f ( z ) -exp(-zs) for z >> 1 (see figure 1 ).
The nature of this distribution function has been extensively investigated. Generally, the self-avoiding walk (SAW) model on a lattice has been employed in order to simulate polymer chains in a good solvent. Fisher (1958) first suggested that unlike the random walk model, the distribution function for SAW'S was non-Gaussian. This was subsequently confirmed qualitatively by a Monte Carlo investigation (Wall and Erpenbeck 1959) , and by an exact enumeration study (Fisher and Hiley 1961) . By deriving more extensive data, Domb et al (1965) were able to study quantitatively the large-distance tail of the distribution function. They found that the exponent S = 4.0 on the square lattice, and that S = 2.5 on the simple cubic lattice. Fisher (1966) The general chain configuration from which the probability distribution functions considered in this paper are derived. The usual endpoint problem is schematically defined in ( b ) . The distribution function is sketched on the right to illustrate its physical features: it goes to 0 at the origin with infinite slope (e < l), and it decays with a power of an exponential for large r. (c) The interior-endpoint problem. The arrow at the end of the chain indicates the limit Nz + CO. Here, the decay of the distribution function is less steep near the origin than in ( a ) , and the more sharply defined peak is located further to the right.
( d ) The interior-interior problem. When 0 and r are separated by a single lattice spacing, we obtain the interior contact probability. Here, the distribution function goes to zero near the origin with zero slope (for two dimensions only), and the central peak is much more pronounced.
analytic techniques to express S in t e r m of v, and found that S = (1 -v)-'. McKenzie and Moore (1971) employed a scaling approach to calculate both 8 and 6 in terms of other critical exponents for the polymer problem. McKenzie (1973) later used series techniques to study the detailed behaviour of equation (1).
The exponent 8 gives a measure of the strength of the excluded volume interaction at small distances and is related to the initial ring closure probability, a quantity which has been studied in detail (Martin et a1 1966, Sykes et a1 1972 a,b and references therein) . From these studies it was found that I3 = $for d = 2 , and that I3 = &for d = 3. More recently, des Cloizeaux (1974) also calculated S and I3 based on a Lagrangian field theory for the n-vector spin model in the limit n + 0, a limit which corresponds to the polymer problem (de Gennes 1972) . From this, 0 was found to be ( y -l)/v, where y is the polymer analogue of the susceptibility exponent.
The spatial correlations between endpoints have been the primary focus of previous investigations. This reflects, perhaps, the fact that one naturally focuses on the two endpoints. Additionally, in the n -p 0 limit of the usual n-vector model, only the endpoints of the chain can be studied. Thus the nature of the spatial correlations between arbitrary points of the chain is still poorly understood. However such correlations are relevant in many experimental studies; for example, in determining the radius of gyration and the hydrodynamic radius of a polymer chain. Therefore it is important to investigate theoretically the nature of the distribution function between arbitrary points of a polymer chain. Recently Schafer and Witten (1977) have used €-expansion techniques to derive scaling laws for the general correlation functions. Also, Croxton (1979) has employed a new diagrammatic method to study the mean separation of two interior points within a polymer chain. Very recently, des Cloizeaux (1980) has also used the €-expansion to calculate the exponents which govern the short-range behaviour of the distribution functions in three dimensions.
In this article, we use exact enumeration techniques to study quantitatively the probability distribution function between arbitrary points of a polymer chain in both two and three dimensions, and to elucidate the asymptotic behaviour at both small and large distances. Qualitatively, we find that the correlations between two interior points are more 'rigid-rod'-like than that between two endpoints. That is, two interior points are more likely to be separated by their mean distance than are endpoints. This effect reflects additional excluded volume constraints imposed on a monomer within the interior of the chain. The additional interaction manifests itself in the exponents which describe the asymptotic behaviour of the probability distribution functions. The focus of our study is to present evidence that these exponents are different from the exponents of the usual endpoint distribution €unction.
In the next section, we shall first present a formulation of the problem, due primarily to the work of des Cloizeaux (1980) . In 9 3, we examine the behaviour of the previously unstudied interior-interior distribution function for small distances. Then in 0 4, we turn to the behaviour of the various distribution functions at large distances. Finally, we present a summary in 9 5 .
Distribution functions for SAW'S
In studying the correlations between arbitrary points of a polymer chain, des Cloizeaux (1980) has found that these correlations can be simply divided into three classes: endpoint-endpoint, endpoint-interior point, and interior point-interior point. Accordingly, des Cloizeaux introduced new probability distribution functions which correspond to the three classes as follows. Consider a SAW which begins at the origin and goes to x in N I steps, to y in N steps, and finally to rtot in N2 steps. We shall use the probability P(0, where the superscript 1 refers to the endpoint-interior point problem.
At small distance scales, (2a) describes the ring closure probability, while (2b)
describes the limited ring closure or 'tadpole' probability. The latter is the probability that a SAW terminates by intersecting with another point of the walk which is not an endpoint. Wall et a1 (1954) were the first to consider this problem, and they estimated that the ring and tadpole probabilities were approximately equal. Subsequent, more accurate studies by Trueman and Whittington (1972) , Guttmann and Sykes (1973) and Whittington et a1 (1975) found a slight difference between these two probabilities, indicating the possibility that the distribution functions (2a) and (2b) are in different universality classes. Finally, we may define the distribution function between two interior points as (see
PK'(r) = lim lim P(0, x, y , rtot; NI, N, Nz),
where r = y -x, and the superscript 2 refers to the interior-interior problem. Des Cloizeaux used the €-expansion to study the small-distance behaviour of these distribution functions, and found that they all have the same scaling form, P!$ ( r ) - 
Small-distance behaviour
To probe the distribution function between interior points at small distances (r << N " ) , we require the analogue of the ring (or tadpole) closure probability. More correctly, we do not want the closure probability, but rather the probability for forming a nearestneighbour contact. Because this quantity depends only on the scaling variable TIN", finding the N-dependence of the probability for fixed spatial separation of the contact also gives its r-dependence. We therefore consider P(0, x, y, rtot, N I , N, N2) for ly --XI = 1, where 1 is a single lattice spacing. This gives the probability that two points separated by N bonds within an n-step SAW are nearest neighbours. We call this quantity the 'interior contact' probability p,(N), and this is the analogue of the contact probabilities in the ring and tadpole problems. In fact, all three contact probabilities are appropriate cases of the interior-interior distribution function at short distances. For example, if NI/N + 0 or N2/N + 0, a crossover to the probability of tadpole formation occurs. Moreover in the limit that both NI and N 2 + 0, we recover simply the ring closure probability. For our calculation, we choose NI = N2 whenever possible. This choice minimises the crossover effects due to the tadpole problem. Sometimes we are obliged to choose Guttmann and Sykes 1973 ' This work N I = N2 + 1, when n = N 1 + N + N2 is an odd number and N is even (or vice versa). This condition introduces some even-odd oscillations in our series, but this is not a serious problem. Additionally, we consider close-packed lattices only, where N can be both even or odd. On loose-packed lattices, N can be odd only (when 1 is a single lattice spacing), and even though we may enumerate longer walks, the corresponding data are not sufficiently well-behaved to give predictions as accurate as those on close-packed lattices.
Our data for the triangular and FCC lattices are given in table 2. Each row corresponds to a fixed number of total bonds, n, and each column corresponds to a fixed number of bonds, N, between the contact. The entries thus give the number of SAW'S with an interior contact in the middle of the walk for fixed n and N. Other nearestneighbour contacts may also occur, but they are not of relevance for the problem considered here. From the tables, we obtain the interior contact probability pn ( N ) by dividing each entry by the total number of SAW'S of that order. We then extrapolate this probability to n + 00, while N remains fixed, in order to obtain the asymptotic contact probability p ( N ) between two interior points within an infinitely long chain (last row of each table). We accomplish this by using Neville tables to perform linear, quadratic, cubic, etc extrapolations based on alternate pairs of data points. This type of extrapolation is called for because the series derived from considering both interior segments in the centre of a chain, and those offset by one bond from the centre, exhibit even-odd oscillations. For the first few N, there are sufficient terms in the series for p n ( N ) to give quite accurate asymptotic estimates. However the series are progres- Table 2 (a). Self-avoiding walk data on the triangular lattice. Each row corresponds to a given number of total bonds in the walk (beginning at n = 1). The Nth column gives the number of walks in which there are N bonds between an interior contact occurring in the 'middle' of the walk. Here 'middle' means that the contact occurs exactly in the centre of the walk if n and N are both even or both odd, while the contact is offset by one bond from the centre otherwise. The first column is the total number of all walks, and the upper right diagonal is the total number of ring closures of n + 1 steps. The lower portion of the table is the continuation of the table to the right.The closure probability pn ( N ) is found by dividing each entry by the total number of walks of that order. The bottom row then gives the extrapolated value of this closure probability, p(N) = lim,,,, p,,(N). sively shorter for larger N and the uncertainties associated with extrapolation correspondingly increase. The error bars given in the last row of the tables represent subjective estimates of the uncertainties based on the Neville table analysis. Next we need to2find the dependence of the probability, p ( N ) , on N. According to equation (11, this probability should vary as N-(d+ez)" , Therefore we plot p ( N ) versus N on a double logarithmic scale (see figure 2) and use a least-squares fit to determine the slope of the straight line which best fits the data points. We estimate the error associated with this slope by the following procedure. First we successively delete the first few data points, and calculate the slope (by least squares) of the straight line which best fits these subsets of data points. The variation of the slopes between subsets The three-dimensional result is in good agreement with the prediction of O2 = 0.71 from the second-order €-expansion of des Cloizeaux (1980) . In two dimensions the second-order expansion is poorly behaved, although the first-order term gives O2 = 2 in close agreement with our estimate. It is also interesting that the N dependence of the interior contact probability is very different from the N dependence of the ring and tadpole probabilities in d = 2 (although for d = 3, the contact probabilities have nearly the same N dependence). This shows that excluded volume effects are very strong when two interior points are nearby, even more so than when an interior point and an endpoint are nearby. 
Large-distance behaviour
To obtain a qualitative understanding of the properties at large distance scales ( r > > N u ) , let us consider the case N = 7 for the three distribution functions on the square lattice (see figure 3 ). To define P y ) ( r ) , we consider all 14-step SAW'S, and ask for the probability distribution between one end and the midpoint. The midpoint is the most natural choice for defining P $ ) ( r ) , although in the N -* 00 limit, any interior point could equally well be chosen as long as N 1 / N does not approach zero. However, for the relatively short chains considered here, choosing the interior point close to the end of the chain gives behaviour indicative of the endpoint problem. Therefore to minimise such crossover effects, we have defined P$'(r) using an endpoint and the midpoint.
Similarly, to define P$*'(r), we consider all 21-step SAW'S, and examine the probability distribution between two points which trisect the chain. Again there is considerable freedom in choosing the two interior points, and our choice minimises the various crossover effects mentioned previously.
In addition to P$ ( r ) , we have also considered p$ (x), the distribution function for the probability that the absolute value of one Cartesian coordinate of r equals x. One advantage of this distribution function is that it is smoother than P$ ( r ) , and is therefore more suited to visual inspection (see figure 4) . The use of presumes that the radial distribution function is spherically symmetric, so that the projection of this fujction onto one coordinate axis will give unbiased results. The spherical symmetry of PCo) has been previously established by Dofib et a1 (1965) , and a priori, there is no reason to doubt that p(') and p(2) are not also spherically symmetric since there is no preferred spatial direction. Consequently we have assumed this result for the distribution functions in the analysis that follows. For the endpoint problem, the earlier study of Domb et a1 was based on fitting$") to
to find the exponent So describing the decay of the distribution function at large distances. On the square lattice, there is a slight dip at the origin in $(O) which is not accounted for by the exponential (see figure 4) . This was not judged to be serious for the endpoint problem, but for the other two problems, the dip near the origin is much more prominent. As a result, a simple exponential is not adequate to describe the data for all r. We have therefore analysed the radial distribution functions, in order properly to account for the anomalous small-distance behaviour. Thus instead of using ( 3 a ) , we have attempted to fit our data to the function For these cases, the relative magnitudes of the dips at the origin (ratio of peak height to height at the origin) are 6.7%, 12.4% and 27.5% respectively.
where Si now describes the decay of PE ( r ) at large distances. While each factor is valid only in one regime (either r,<< N u , or r >> N " ) , the product fits the data quite well for all r. Furthermore, in the region where one factor is rapidly varying; the other is virtually constant. Thus for r << N u , exp[-(r/N")"] = 1, while for r >> N", the decay is purely exponential with only a power law prefactor. Consequently, the effects introduced by the influence of the slowly varying factor on the more rapidly varying one should be small. In order to calculate the exponents 61 and S z , we have considered all SAW'S of up to 21 bonds on the square lattice, and up to 14 bonds on the simple cubic lattice. Close-packed lattices were not considered here because it was not possible to obtain series of sufficient length to extrapolate with any confidence. From our enumeration on the square lattice, we have calculated PCo) for N = 1 , 2 , . . . '20, P(l) and P ( l ) for Table 3 . Self-avoiding 
. . , 10, and P") and F") for N = 1 , 2 , . . . , 7 (see tables 3 and 4). On the simple cubic lattice, we have calculated F'l'for N = 1,2, . . , , 7 (see table 5 ) . We did not consider 2") because our data extends only to N = 5 , and this was insufficient to probe asymptotic behaviour. One way to fit our data with the trial distribution functions defined by ( 3 b ) is to calculate the reduced radial moments mi? = (r$lk>/((rk>Ik (4) for the three distribution functions and extrapolate to N -+ CO as indicated by the last row in tables 6 and 7. Here (r?) is the mean value of r2k between the two points under study, and N indicates that the origin and r are separated by N bonds. The series for VI$:) again exhibit even-odd oscillations and we therefore use Neville tables based on extrapolating alternate pairs of points to estimate the asymptotic behaviour of m2k = limN+-m$?). We then compare the results of this extrapolation with the moments derived from (3b) for various values of Si. In two dimensions, the reduced moments of the function (36) can be expressed in terms of gamma functions as
We then vary the trial value of Si until the best fit between the two sets of moments is found.
To test whether the procedure described above is valid, we first consider the endpoint distribution function on the square lattice. We use the well-established value eo = $, which follows from the ring closure probability varying as N-11'6 (Martin et a1 and these numbers give the best fit to the extrapolated moments in table 6(a). Thus, to calculate So, one can consider the radial distribution function as well as the Cartesian distribution function. This is an extremely useful check for the ensuing analysis. = 0.84 in equation (5)-a result which follows from the tadpole probability varying as N-"13
For the endpoint-interior problem on the square lattice, we use These moments are best fits to the extrapolation in table 6(c). Thus we conclude that So = 4.0 in agreement with the currently accepted result, and that S1 = 4.5, and S2 = 4.6. We determine a lower bound to the estimates for S1 and S 2 as follows. We take the values for Bi to be those at the upper limit of the quoted error bars; that is we take (Trueman and Whittington 1972) and O2 = 1.95 +0.27 = 2.23 (our result). Since the reduced moments m2k calculated from equation (5) decrease when either Oi or Si is increased, we must now use a lower Si in order to fit with the extrapolated mZk given in tables 6 ( b ) and 6 ( c ) . The lowest value of ai which gives a calculated m2k just consistent with the upper limit of the error bars for the extrapolated Because the value of 6% is fairly accurately determined, we therefore estimate that SI = 4.5 f 0.4. For 8 2 , the shorter reduced moment series and the larger error bars for 6 2 combine to yield the estimate Sz = 4.6 f 0.6. In summary, our analysis indicates that both SI and SZ are greater than So. The higher values of S1 and Sz over So are consistent with the interpretation that the effect of the remainder of the chain is to provide a net inward force on the segment between 0 and r a t large distance scales only.
For d > 2, it is easier for the remainder of the chain to penetrate into the region occupied by the segment between 0 and r, and hence the relative magnitude of the inward force is decreased. Hence the difference between So, SI and SZ should be reduced, and on the simple cubic lattice we present evidence that this appears to be the case. Additionally, on this lattice the problems associated with the analysis of the radial distribution function can be avoided. Here, the Cartesian distribution function does not have a dip near the origin, owing to weaker excluded volume effects (see figure 5 ) . Consequently, we have analysed the Cartesian function, and now fit the decay of the distribution to the simple exponential P$'(x) -A e~p[-(x/N")'~]. Thus our analysis for SI is no longer influenced by possible errors in 61. Choosing 81 = 2-6 in (6) gives for the reduced moments m4 = 2.58, m,5 = 10.1, m8 = 52.1, mlo = 327, ml2 = 2408, and these are a good fit for the extrapolated values quoted in table 7. Here our only source of error stems from extrapolating the series for mzk. Although the series are relatively short, we are reasonably confident that our estimate for SI is accurate to within 0.06.
Summary
We have studied the probability distribution functions between two endpoints, an endpoint and an interior point, and two interior points for self-avoiding walks in both two and three dimensions. For small distance scales we consider the correlations between interior points, and define an appropriate 'interior contact' probability. From the form of the scaling function f defined by equation (1) this probability should vary with N as N-(d+ez)v. We estimate from our data that (d + 6 2 )~ = +2*16* 0.20 on the FCC lattice, leading to 6 2 = 0.67 k 0.34 for the exponent describing the decay of the Figure 5 . The Cartesian probability distribution function for SAW'S on the simple cubic lattice. Part ( a ) shows the endpoint problem for 7-step walks, and part ( 6 ) shows the endpoint-interior problem for 14-step walks.
distribution function at small distances. On the triangular lattice, we estimate that (d + Oz)v = +2*95 f 0.20, corresponding to O2 = 1-93* 0.27. These values indicate that the probability of a nearest-neighbour contact between two monomers within the interior of a chain is much less likely to occur than between two endpoints separated by the same number of monomers. For large r, we find that the tails of the distribution functions vary as e~p[-(r/N")'~].
On the square lattice, we estimate that 61 = 4.5 * 0.4, and SZ = 4.6* 0.6 (compared with S o = 4 * 0 for the endpoint distribution function). On the simple cubic lattice, we estimate SI to be 2.6 f 0.06 (compared with So = 2.5). The possible higher values for S1
and S2 over So indicate that it is less probable for an N-step segment in the interior of a longer chain to be in a stretched configuration than it is for a complete chain of N monomers. Coupled with the information at small distances, it appears that the correlations between monomers in the interior of a polymer chain are more rigid-rodlike in character than the correlations between end monomers.
